We study properties of heavy-light-heavy three-point functions in two-dimensional CFTs by using the modular invariance of two-point functions on a torus. We show that the result is non-trivially consistent with the condition of ETH (Eigenstate Thermalization Hypothesis). We also study the open-closed duality of cylinder amplitudes and derive behaviors of disk one-point functions.
Introduction
Two-dimensional conformal field theories (2D CFTs) have provided us an ideal factory of new insights on dynamical properties in quantum field theories. This is highly owing to the strong constraints imposed by their infinite dimensional conformal symmetries [1] . One well-known highlight is the Cardy formula
which offers a universal formula for the degeneracy D(E) of highly excited states (with energy E c) for general unitary 2D CFTs with the central charge c [2] . This formula is derived from the modular invariance of torus amplitude. In the presence of boundaries, we can employ the open-closed duality to constrain the behaviors of boundary states [3] in boundary conformal field theories [4] . Moreover, the conformal bootstrap for correlation functions leads to another strong constraints on the properties of CFTs, which has successfully been applied not only in two-dimensions but also in higher-dimensions [5, 6] .
Recently, there have been very interesting progresses on the properties of three-point functions in 2D CFTs. The modular invariance of torus one-point function leads to a universal formula for the diagonal part of heavy-light-heavy three-point functions [7] . The genus two modular invariance gives another constraints on the behavior of heavy-heavyheavy three-point functions [8] , see also [9, 10] . The behaviors of heavy-light-light threepoint functions have been worked out in [11, 12] . Refer to [13, 14, 15, 16, 17, 18, 19, 20] for other aspects of recent developments on constraints in 2D CFTs.
Motivated by these developments, the purpose of this article is to explore more of such universal properties through the modular invariance of two-point functions on a torus [21, 22, 23] and the open-closed duality [4] . As we will explain later, the former analysis leads to interesting constraints for off-diagonal part of heavy-light-heavy threepoint functions. The results satisfy the condition of ETH (Eigenstate Thermalization Hypothesis) [24, 25, 26] , which is a well-known criterion for a closed quantum system to become chaotic such that it gets thermalized. We will also generalize this argument to multi-point functions on a torus. The latter analysis provides new universal properties on the one-point functions on a disk or equally the coefficients of boundary states. Our analysis below focuses only on the exponential contributions neglecting the polynomial factor of the energy of relevant states, which is denoted by the symbol ∼. Refer to [27, 28, 29, 30, 31, 32] for earlier arguments on ETH in CFTs.
This article is organized as follows: In section two, we study the modular invariance of two-point functions on a torus and derive a property of three-point functions. After briefly introducing the ETH, we show that the result satisfies the condition of ETH. In section three, we study the open-closed duality and derive constraints on the coefficients of boundary states. We also give a holographic interpretation. In section four, we summarize our conclusions and discuss future problems.
Note Added: When we were writing up this article, we noticed the interesting preprints [33, 34] on the arXiv, which have substantial overlaps with the section two of our present one.
Modular Invariance on Torus and ETH
Consider a two-point function O(t, φ)O(0, 0) of a primary operator O on a torus in a given 2D CFT. We choose O such that its spin is vanishing. Its (chiral) conformal dimensions are given by ∆ O =∆ O and its energy reads E O = 2∆ O . The Euclidean time coordinate t and space coordinate φ are periodic such that t ∼ t + β and φ ∼ φ + 2π on this torus.
We would like to study the constraint imposed by the modular invariance (where we follow the convention in [23] ). By setting φ = 0 for simplicity, the modular invariant relation β ↔ (2π) 2 /β is written as
For generic values of E A,B c,
where
is the entropy for states with the energy E. In the above analysis, we ignored contributions from the diagonal part A|O|B diag = δ AB · A|O|A . The averaged diagonal three-point function is found in [7] A|O|A ∼ e 
1− 1−12
Eχ c
where E χ is the energy of the lowest dimensional state |χ which satisfies χ|O|χ = 0. By explicitly substituting this to (3), we find that the diagonal ones are not dominant over the off-diagonal ones and this justifies the above analysis.
Note that actually we can show that in the limit E B → ∞ with E B −E A fixed, the twopoint conformal blocks on a torus take just the form of a torus character [20] . Therefore, the three-point function of primary states can be given by just a shift c → c − 1 up to a constant factor as in [7] . However, in the case E A E B , the contribution from the two-point block on a torus is nontrivial and therefore the above result is not contradict with the results in [11, 12] .
H-L-L 3pt Functions from Conformal Bootstrap
We can also derive the behavior (4) for the heavy-light-light three-point function from a simple argument of conformal bootstrap. First note that the four-point function of primary operators O 1 and O 2 can be expanded in terms of all states A in a given 2D CFT:
The bootstrap relation in the limit x → 1 leads to the behavior
Therefore we obtain the following relation in the limit x =x → 1:
where the density of state reads
3 . It is straightforward to see that this leads to the behavior:
which indeed reproduces (4).
Holographic CFTs
So far our arguments assumed generic unitary CFTs in two-dimensions, where we have shown the exponential suppressions of the off-diagonal three-point functions for the energies much larger than the central charge E A , E B c. However, if we consider the special class of CFTs, called holographic CFTs, this energy condition is relaxed as we will explain below. The holographic CFTs are characterized by the large degrees of freedom and strong interactions so that they have classical holographic duals. In two dimensional CFTs, these conditions are equivalent to the large central charge c 1 and the sparse spectrum. Under these conditions, the Cardy formula as proved in [15] , which is equivalent to a sharp confinement/deconfinement phase transition of the partition function at β = 2π. Therefore we can employ the Cardy formula even for such relatively low energy states.
Let ask if we can apply the previous argument in section 2.1 to such states E A,B = O(c). The crucial point is the validity of the saddle point approximation (9) . Since the dominant contribution is localized at θ = 0, we find that the saddle point is located 1 Note that in (1) we assumed E c and thus we made the approximation E − c 12
E. In this subsection, we choose E and c are both equally large and we cannot allow this approximation.
. Since we consider the low temperature phase for the right hand side of the basic relation (2), we have the condition β < 2π. From this, we obtain E A,B ≥ c 6
. In this way, we can conclude that the exponential suppressions of the off-diagonal three-point functions (14), (15) and (16) , which allow much lower energy regions compared with the condition of the same suppressions for generic CFTs, i.e., E A,B c.
Comparison with ETH
The ETH (Eigenstate Thermalization Hypothesis) [24, 25, 26] , which we will briefly review below, is formulated for matrix elements of observables O in the basis |n for the eigenstates of Hamiltonian H:
where S(E) is the averaged entropy at the energy E = En+Em 2
. The matrix R nm is a random Hermitian matrix with zero mean and unit variance. Explicitly, we have
where · · · denotes the random average. The functions f O (E n ) and g O (E n , E m ) are smooth functions of the energies E n,m . This behavior (22) The ETH is considered to be true in a closed quantum system with a quantum chaos. If we assume ETH, we can show the thermalization of the observable O as follows. Consider the time evolution of expectation value O(t) for a quantum state |ψ = n b n |n :
We say that O is thermalized if the (some) time average of O(t) coincides with its microcanonical prediction. For this we need to show that (i) the time averageŌ = 1 T T 0 dt O(t) only depends on the energy, and it should not depend on the details of the coefficient b n , and moreover, (ii) the fluctuation is very small:
. Indeed, we can confirm that (i) is satisfied because the diagonal part of (22) only depends on the energy and that (ii) is satisfied because the off-diagonal part is suppressed by the factor e −S/2 . In the ETH, we regard O as a low energy operator and take the states |n to be high energy states which are responsible for thermalizations. The ETH property (22) leads to the estimation when we take an appropriate average:
Indeed this exponentially suppressed behavior nicely agrees with our results (14) , (15) and (16) for the off-diagonal part of the heavy-light-heavy three-point functions, by identifying A = n and B = m. In this way, the modular invariance in 2D CFTs nicely reproduces the ETH property for off-diagonal three point functions. Note that for generic unitary 2D CFTs, these ETH behaviors for the averaged three point functions hold
Torus Multi-Point Functions and Modular Invariance
The ETH (22) argues that the off-diagonal three-point functions are not only exponentially suppressed but also are random valued. We would like to study their multi-point correlations to examine this property. For this, we consider the modular invariance of Npoint functions on a torus O(t 1 )O(t 2 ) · · · O(t N ) . For simplicity we choose t i = N −i N β for i = 1, 2, · · ·, N . In the low temperature limit, this N -point function on a torus factorizes into the thermal partition function times the N -point function on a cylinder, where the latter does not have any exponentially growing factor. As similar to the N = 2 case (2), the modular invariance of the torus N -point function in the limit β → 0 leads to
where we employed the estimation of the partition function Z(1/β) ∼ e π 2 c 3β . The energies E 1 , E 2 , · · · are those of the states |A 1 , |A 2 , · · ·, respectively. By using the Cardy formula as before, we finally obtain from (26) the following average of the N products of the three-point functions when all energies are the same
where we do not take any summations over A i ; also S(E) = 4π
is the entropy for states with the energy E again.
Next we would like to compare this result with that obtained by assuming the ETH behavior (22) , where R nm is a random matrix. When N is even, we find
. (28) Here we evaluated the averaged random correlation function by the Wick contractions in the random average (23) as
Remember that the average M in the above means that for all states with the energy E i.e. M = e
When N is odd, we can obtain the same estimation (28) from the ETH ansatz (22) by replacing one of e −S(E)/2 R nm with δ n,m in the averaged random correlation function. In this way, the CFT result (27) reproduces the random matrix result (28) based on the ETH ansatz for these correlation functions. Note that again this analysis can applied to high energy states E c for generic 2D CFTs and to the states E ≥ c 6 for holographic CFTs.
Constraints from Open-Closed Duality
Next we would like to study universal constraints for 2D CFTs with boundaries, where conformal boundary conditions are imposed. These theories are called as boundary conformal field theories. Especially we are interested in properties of the one-point functions of primary operators on a disk. For this, it is useful to employ the description in terms of boundary states, which are closed string states for boundaries.
States which describe physical boundaries are called Cardy states |B α [4] and are given by the linear combinations of Ishibashi states |I k as follows
where the label k runs over those of primary states. The index α describes the types of boundary conditions. The Ishibashi state |I k is constructed out of the primary state |k and its descendants. It is given by the maximally entangled state between the left and right moving sectors:
Here the states | n, k make the orthonormal basis of the descendants of the form
where {L m } are Virasoro generators and N n,k are the overall constants to make the states orthonormal: n, k| m, l = δ k,l δ n, m .
Duality for Vacuum Cylinder Amplitudes
The open-closed duality relation for vacuum cylinder amplitudes, so called Cardy's condition [4] , is written as
where t and s are related by
Here H C and H O are the closed and open string Hamiltonians, respectively:
Moreover, γ runs all primary states, and N γ αβ is a positive integer which counts the number of open string sectors and is non-zero only when the corresponding OPE coefficient is nonvanishing.
t → 0 Limit
Let us first study a familiar limit t → 0. Here we assume the limit of large central charge c 1 so that the degeneracy of primary states is approximately given by the Cardy formula (1), with neglecting descendant contributions. We write the conformal dimension as L 0 = ∆ in the open string sector. In this limit, the duality condition (34) leads tō
where . Here we have assumed that c α 0 = 0 and c β 0 = 0 for boundary conditions α and β. These conditions are equivalent to those for vacuum disk amplitudes to be non-vanishing, and they are usually satisfied as they mean the non-zero tensions of D-branes. By using the saddle point approximation formula,
we find the following estimation for ∆ c:
which gives the Cardy formula for open strings.
s → 0 Limit
Now let us turn to the less familiar limit s → 0. First we assume α = β. We define the chiral conformal dimension as L 0 =L 0 = ∆ k for the primary state |k . In this case we get from (34):
12s .
Here the density of state (note that L 0 =L 0 is imposed for boundary states) is given by the same as the chiral or open string Cardy formula for ∆ k c:
which is a square root of the full Cardy formula (1). This leads to the following estimation
where an appropriate average over k with fixed dimension ∆ k is taken. Now we take the different boundary conditions α = β. In this case, we have N 0 αβ = 0 and thus there should be a gap in the open string spectrum. We call the minimum of the conformal dimension for the open string in the channel γ as ∆ min γ . Then, the relation (34) leads to
Thus we obtain the estimation
This can be understood as the correlations between the coefficients (or disk one-point functions) c 
Holographic Interpretation
Here we would like to give a holographic interpretation of the result (44), which is motivated by the argument in [7] for the diagonal three-point functions.
2 We first consider the case with 1 ∆ , where the expression of (44) reduces tō
We then include the corrections as in (44) . We are interested in the exchange of closed strings with high energy E k = 2∆ k c between the boundary states. The high energy state of closed string is dual to the BTZ black hole, whose horizon area is
For ∆ .
In this case, we should take care of the back-reaction of the particle since it would create a conical defect geometry. Let us consider a particle φ with mass m φ and its energy E φ evaluated at the boundary of AdS. The relation between them is given by (see (27) of [7] )
However, we should be careful for applying the formula to our setup since we are dealing with a bulk particle dual to a boundary open string state. The bulk particle is regarded as a low energy excitation of a bulk open string attached to a brane as in figure 1(b) , see, e.g., [35, 36] 
Duality for 1pt Function on Cylinder
Finally we would like to study the open-closed duality for a cylinder one-point function of a primary operator O:
where t = π s 1 +s 2 . Again we assume the limit of large central charge c 1.
In the limit s 1 , s 2 → 0, this relation is expressed as follows: 
First we evaluate contributions from the diagonal part. We can employ the known formula (17) for the diagonal parts of three-point functions (with L 0 =L 0 = ∆ = E/2). Then, by using the saddle point formula and the previous formula (44), we can estimate the relation (50) and obtain the following relation: duality of cylinder amplitudes with the input of density of high energy states given by the Cardy's formula.
The modular invariance of two-point functions leads to non-trivial constraints on the behavior of three-point functions where two of the operators are heavy, whose dimensions are much larger than the central charge, and the other is much lighter than them. We found that the off-diagonal part of three-point functions, for which the case with two different heavy states, is exponentially suppressed by the entropy as ∼ e
under an appropriate average. Interestingly, this non-trivially satisfies the important condition required for the ETH. This implies that high energy states in generic 2D CFTs have the crucial property necessary for thermalizations. To see more details how much a given 2D CFT is chaotic, we need to understand the properties of the matrix R nm in (22) . For truly chaotic CFTs, we expect that R nm becomes a random matrix. Even though we leave full studies of the random matrix property in 2D CFTs for a future problem, we found some evidence for this by studying a class of multi-point correlations of the off-diagonal three-point functions.
It is natural to expect that for integrable CFTs, only with particular choices of n and m, this matrix takes non-trivial values. In such an analysis, we expect that large central charge CFTs with large spectrum gaps, namely holographic CFTs, will play an important role [15] . We found that for 2D holographic CFTs, both the exponential suppressions and the expected behavior for the multi-point correlations of the three-point functions, occur even for relatively low energy states. These reinforce the chaotic properties for holographic CFTs. It will be an intriguing future problem to examine more closely the randomness of the matrix R mn for various 2D CFTs. The constraints for three-point functions also come from the conformal bootstrap. Recently, an interesting transition phenomenon for conformal blocks, depending on whether the conformal dimensions are larger than c/32 or not, was observed in [37, 12] . It would be interesting to consider its implication in terms of the behavior of three-point functions.
The open-closed duality for vacuum cylinder amplitudes turned out to predict interesting behaviors of disk one-point functions (or equally the coefficients of boundary states) for various conformal boundary conditions. We found that as the mass gap in open stings between two boundaries gets larger, the correlation between the two disk one-point functions for the boundary conditions is reduced. We gave a holographic explanation for this result. We also studied implications of the open-closed duality for cylinder one-point functions. This leads to interesting constraints on the average of a three-point function times two disk one-point functions. It would be interesting to look at explicit examples of boundary states in solvable CFTs, such as various orbifold CFTs, to see how the chaos is related to these properties of boundary states. 
